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Granular Matter 
dry, partially wet, and wet systems

“wet” (LGS)“dry” (DGS)

air liquid

2 phases only
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Mechanisms, Interstitial Fluid  (air, liquid)

diameter d, roughness ε
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* Coussot and Ancey, PRE 1999
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Granular Materials and Suspensions
“dry” (DGS) “wet” (LGS)

air liquid

Stokes Number:

DGS:
St >> 1viscosity""

inertia" particle"St =
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Distributions, bi-modal, etc.
DGS 

(Dry Granular System)
LGS 

(Liquid Granular System)

D-system (density) S-system (size)

Combinations, e.g. S-DGS,  D3-LGS, etc
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Granular matter/environment interaction

2D            2D+1        3D                        3D+t

Tumbling

(S. Meier 2004)
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glass, steel, 
d~1mm

“wall effects”, 4 < 
d/t < 8

L
u
ω

δ
y

Experimental
PIV

Jain et al. Phys. Fluids 2002 (DGS), Jain et al. JFM, 2004 (LGS)

logarithmic

Velocity field, fluid layer
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Core precession and erosion

4 10000
revolutionsInitial 

Condition DH8 Socie et al. 2004
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granular force network, re-arrangements

Force  Distribution, 
P(f)

f /<f>

P(f)

Ashley Smart 2004
unpublished

g
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with diffusionno diffusion
Collisional Diffusion

dy
dvdfD x

coll
2)(ν=

δ=δ(x) layer thickness

How Mixing Occurs
(basis of continuum model)

Khakhar et al. 2004IC
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•Reynolds’s dilatancy (percolation)

Osborne Reynolds, Philosophical Magazine, 
December, 1885. 

Size segregation
Flux, Field

Segregation 
due to flow

Ottino & Khakhar ARFM 2000

“Flux Model”…heuristic, PD-
based…measurement?

(size) S-systems, (density) D-systems
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• Mixing Unmixed

?
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“Radial Segregation”, O(1) rotations

S-system ComputationD-system
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Non-circular geometries
continuum model, Poincaré plot

IC’s           plot            plot…
Flow Flow

Khakhar et al., Chaos, 1999
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S2,3-DGS

Hill et al.
PNAS
1999
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Poincaré Model          Exp (S-DGS)

Interpenetrating
Continua Model

Steve Cisar 2004
unpublished
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Locally in layer… Species 1 and 2
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Segregation in Tumblers

Smaller particles

Large particles

2D

smaller particles

2D+1
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Difficulties, Questions
• No fit-all approach. 

Discrete and continuum (Gollub)
Particle dynamics (PD), Lattice 
Boltzman, Monte Carlo (MC), 
Cellular Automata 

• Role of thermodynamics (κT)
– Behringer, Edwards, Makse, others
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Applications

WSJ page 1,
Sept. 4, 2003
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Consequences of Axial Segregation
Device for breaking rings (1904)Ring formation

Molten clinker may solidify
to form annular rings:

Has been a significant 
problem for
rotary cement kilns
for many years

ring
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Particle Level

Normal forces, Hertzian
(classical elasticity)

Needs to add dissipationTangential forces
Coulombic

Non elastic collisions
Restitution coefficient

Building understanding up…

fluid

O(1 mm)
Exchange linear and 
angular momentum

“Regimes”…rolling regime, fast flow regime, etc.
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Vibrated layer

Small brass spheres

Energy in….Vibrate amplitude A frequency f

Umbanhowar, Swinney
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top view

Vibrated granular matter
Umbanhowar, Swinney et al.

perspective 
view

side view
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Dynamic Self-Assembly of Rotating Disks

Monomorphic Pattern Symmetry-Breaking Polymorphic Pattern

Grzybowski and Whitesides, Science 2003
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…Beyond Granular Matter…

• GM serves as a prototype of collective 
systems far from equilibrium 

• Concepts apply across a wide range of 
scales – from fine particles to ice floes 
to asteroid belts…

• Example of Complex Systems
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Complex system… recognize by…

(1) What is does: Display organization without any 
organizing principle being applied, i.e. behavior 
emerges

(2) How can be analyzed: Decomposing the system 
and analyzing a part does not give a clue as to the 
behavior of the whole. 

Rich behavior with simple parts
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Termites, mounds

Segregation,  cities 
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Granular Matter, Metaphors 

• Sandpile Avalanches 
…motion of flux lines in a type-II 
superconductor (de Gennes). 

• Self-Organized Criticality, microscopic to 
astrophysical scales

• Excited granular matter, slow relaxation
found in glasses, spin glasses, and the like 

• Fluid-like behavior, convection
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Beyond Granular Matter…

Per Bak
“How Nature 

Works:
The Science of 
Self Organized 

Criticality”
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Reasons for “Success” of Granular 
Matter 

• New physics, open theoretical questions, 
continuum, discrete. 

• Experimentation still accessible and creativity still 
plays an important role. 

• Intuition – often built on fluids – often does not 
work. 

• Interplay 
Science (understanding and explaining) 
Technology (making and building).

• The “appeal” of metaphors. 
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Osborne Reynolds
(1842-1912)
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• Osborne Reynolds “On the dilatancy of media composed 
of rigid particles in contact. With experimental 
illustrations”. Philosophical Magazine, December 1885. 

• Rode Lecture in 1902 (“On an inversion of ideas as to 
the structure of the universe”) 
“I have in my hand the first experimental model 
universe, a soft India rubber bag filled with small shot”.

• “The Sub-Mechanics of the Universe” (Reynolds 
1903). “By this research it is shown that there is one, 
and only one, conceivable purely mechanical system 
capable of accounting for all the physical evidence, as 
we know it, in the Universe.”
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• Mechanical theory of the ether. Universe filled 
with rigid grains size: 5.534x10-18 cm, mean 
free path 8.612x10-28 cm. 

• Planck length (‘quantum of length’) smallest 
measurement of length with any meaning: 
1.6 x 10-37 cm or about 10-20 times the size of a 
proton.

• ….but Reynolds was a teacher of J.J. 
Thomson (discoverer of the electron). 
…so much for the modernity of far-reaching 
analogies…
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Oyama 1939
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Sleeping Beauty Papers
• “…a publication that goes unnoticed (‘sleeps’), 

gathering less than one citation a year for many 
years, and then, almost suddenly, attracts a lot of 
attention (the paper is awakened by a “prince”). 

van Raan (2004) 
• Bridgwater (1976) cites the paper and attributes 

the reference to Weidenbaum (1958); the next 
influential reference is Dasgupta et al. (1991), and 
after that the paper awoke… 
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Osborne Reynolds, 
the essential elements of chaos 

• Reynolds (1894); 16 citations in the period 
1955-2004. 

• Identification of stretching and folding as 
basic mechanism for mixing
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The work of the Innovator
“Never forget what I believe was observed 
to you by Coleridge, that every great and 
original writer, in proportion as he is great 
and original, must himself create the taste 
by which he is relished” 

William Wordsworth (English poet, 1770–1850) in Letter 
to Lady Beaumont, 21 May 1807; in E. de Selincourt (ed.) 
Letters of William and Dorothy Wordsworth vol. 2;
revised by M. Moorman, 1969.
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Segregation in Tumblers

smaller particles
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liquid

“outside view”

core
“interior view”

S-LGS system

Jain et al. PRL. 86, 3771 (2001)
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Onset, Morris

Typical space-time plot

time 
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Band Dynamics (LGS)
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Effect of rotation rate - DGS

5 RPM

10 RPM

15 RPM

20 RPM

25 RPM
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Effect of rotation rate DGS

Fraction of dark bands

In all cases “mass” conserved
(circular, square cross sections)

Fiedor & Ottino, PRL 2003
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Logarithmic decay
LG

S
D

G
S
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DGS
(“dry”)

Set of all possible 
behaviors of DGSs
under tumbling

LGS
(“liquid, 

slurries, wet”)

Set of all possible 
behaviors of LGSs
under tumbling

…for S-systems, D-systems
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DGS

LGS

Set of all possible 
behaviors of DGSs
under tumbling

Set of all possible 
behaviors of LGSs
under tumbling

S- and D-systems
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Periodic Forcing in Quasi-2D Tumblers

(x)
x

y

L

Fiedor and Ottino 2004
(unpublished)

(related work Hill et al. 2004)
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Half Full – Even Frequencies

f=4 f=6 f=8
DGS

f=4 f=6 f=8
LGS

n=2 n=3 n=4 Poincaré
Sections
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How to invariant regions form?
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More Than Half Full – Even Freqs
f=4 f=6 f=8

DGS

f=4 f=6 f=8

LGS

n=3 n=4 n=5
Poincaré
Sections
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DGS:
St >> 1

LGS

(smallest 
particles 
St~10)

Stokes Number:

viscosity
inertia particleSt =

Brady 2004
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More Than Half Full – Odd Freqs

f=3 f=5 f=7
DGS

f=3 f=5 f=7
LGS

n=2 n=3 n=4
Poincaré
Sections
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Half Full – Odd Frequencies (Disagreement?)

f=3

f=3

f=5 f=7

f=5 f=7

n=3/2 n=5/2 n=7/2

LGS

Poincaré
Sections

DGS
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Matching Model-Experimental Images

Freq=3 Freq=6

Bad
Agreement?
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Exploring the nature of the islands

Freq=3 Freq=6

tracer
particle

positions



R.R. McCormick School of Engineering and Applied ScienceMcCormick Robert R. McCormick School of Engineering and Applied Science

Copyright JMOttino, 2004

Probability Distributions

Freq=6Freq=3
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Return Map

Freq=3 Freq=6
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Long Term Behavior - Averaged Experimental Images
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2D        2D+1       3D                           3D+t

Meier 2004
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Grey Exp. Setup

γ

3D Experimental Setup

Gilchrist & Ottino PRE 2004

Surface flow
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Spatio- DescriptionSpace-time plots

Time

Large beads: Black
Small beads: Fluorescent

Bottom View

Gilchrist & Ottino PRE 2003
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Phase Diagram

Axial
bands

Phase Plot
No
bands

Spots

Bottom 
View

Top 
View

0.8560.8540.8520.8500.8480.8460.8440.842

*

Gilchrist & 
Ottino 
PRE 2003
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Rocking SimulationContinuum Model (template)

Experiment-Model 
(without segregation)

Time

Gilchrist & Ottino PRE 2003
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DGS

LGS

Set of all possible 
behaviors of DGSs
under tumbling

Set of all possible 
behaviors of LGSs
under tumbling

S- and D-systems



R.R. McCormick School of Engineering and Applied ScienceMcCormick Robert R. McCormick School of Engineering and Applied Science

Copyright JMOttino, 2004

Some open issues
• Framework…skeleton, symmetries
• Granular matter/suspensions, exploitation of LGS
• Surface flows
• Math 3D mixing-segregation
• Segregation

– Fluidity
– Combined SD
– Friction

• Surface properties
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