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What’s in This Talk?

1. Optimal stroke patterns for 3-link swimmers

2. Building a better snail
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Tiny Swimmers

Geometry Kinetics

parameter (scalar) function

opt. opt.

arm length slenderness stroke stroke

ratio η 1/κ amplitude pattern
Becker et al.

O(lnκ)
× ×

Present study

O((lnκ)2)
× × × ×

TABLE I: Summary of the parameters optimized in previous work by Becker et al. [1] and in the

present work.

optimizing kinematics requires a functional rather than a parametric variation. Unlike the

geometric parameters considered in previous studies, the stroke shape and sequence cannot

be described by a single scalar, rather it must be represented by a continuous function (see

Figure 2). Here we extend the results from Becker et al. to include kinematics, interactions

between the links, and the effects of slenderness to provide a complete description of the

optimal three-link swimmer.

Model of the swimmer.- Our model of the three-link swimmer includes the hydrodynamics

of the surrounding flow, the geometry and kinematics of the swimmer and the coupled

equations governing the dynamics of the system. Each link in the swimmer is modeled as a

rigid slender body of length 2l and radius b with characterisitic aspect ratio κ = b/2l (see

Figure 1). The Reynolds number is assumed to be small, Re = ρUl/µ" 1, where U is the

characteristic speed of the swimmer, ρ is the fluid density and µ the fluid viscosity. Inertial

effects are thus neglected relative to viscous effects, and the hydrodynamics of the system is

governed by Stokes equations

∇ · u = 0 , −∇p + µ∇2u = 0 , (1)

subject to the boundary conditions

u = Us on S , u→ 0 at ∞ (2)

where u and p are the velocity and the pressure fields in the fluid respectively, and Us

is the local velocity at the surface, S, of the swimmer. The hydrodynamic forces exerted
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3-link Swimmer

5

• Purcell (1977): proposed design
• Becker, Koehler and Stone (2003): optimized 

geometry (arm length/body length and stroke 
angle)
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Fixed geometry
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FIG. 2: Stroke sequences of three-link swimmers in the (Ω1,Ω2)-phase plane for: (−) optimal

efficiency, (−) optimal velocity and (−) the optimal ‘Purcell stroke’ which corresponds to the

square. Small swimmer diagrams correspond to successive configurations of the swimmer during

the stroke. The swimmer moves to the left when the trajectory is followed counterclockwise and

to the right otherwise.

where V is the swimming speed averaged over one stroke and Φ is the average optimal

mechanical power associated with the stroke.

Optimization procedure.- Without lost of generality, the stroke can be parametrized by

two periodic functions Ω1 and Ω2 of period τ . These two periodic functions can be repre-

sented as a Fourier series. For regular and differentiable functions, the Fourier coefficients

decay rapidly and thus our optimization procedure is based on finding the optimal first k

coefficients of the Fourier series. In addition to the stroke pattern, the geometry of the

swimmer itself is optimized as well. This requires two additional design parameters: the

slenderness, 1/κ, and the relative size of the middle link, η = l2/l1. The swimmer is as-

sumed symmetric i.e. l1 = l3. The optimal solution is found via a gradient search on a finite

set of coefficients using the BFGS quasi-Newton algorithm [13]. Gradients are computed

numerically.

Discussion.- Several general observations can be made regarding optimal stroke sequences.

First, because of the linearity and time independence of Stokes equations (1), we expect

optimal strokes to be symmetric with respect to reflections across the axes Ω1 = Ω2 and

Ω1 = −Ω2. This can be seen by considering a geometrical configuration where Ω1 = Ω2

7
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- Lowest order: resistive force theory

- Next order: can incorporate effects of 
slenderness and interactions between links
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Ω1 = −Ω2. This can be seen by considering a geometrical configuration where Ω1 = Ω2
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2b

Ω1

Ω2

R (s)
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F(s)

Λ(s)
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FIG. 1: Schematic of the three-link swimmer. The slice and corresponding notation on the left

refer to the local velocity, tangent vector and drag force per unit length. Notation on the right

refers to the velocity, tangent vector and force associated with an entire link.

represented by a single closed curve in this space. A stroke pattern in which only one arm

moves at a time appears as a square and will be referred to as the ‘Purcell stroke’ as it is the

original pattern proposed by Purcell (see Figure 2); it is also the only sequence considered

in the study by Becker et al [1].

The hydrodynamic forces and torques, Fi = (F x
i , F y

i , τi), on each link are calculated from

equations (3) and (4) integrated over each link

Fi =

∫

2li

(F · x,F · y,R× F)ds =
3∑

j=1

Aj
iVj . (7)

As expected from the linearity of Stokes equations (1), the force vectors take an Aristotelian

form and are linear functions of the velocity. The coefficients of the matrix Aj
i are integrated

analytically for i = j and numerically using Gauss quadrature for i "= j.

In the low Reynolds number regime, the swimmer is force- and torque-free. In our case,

the slender body only interacts with the surrounding flow and therefore, the integrals of all

hydrodynamical forces and torques vanish, thus

3∑

i=1

Fi =
3∑

j=1

( 3∑

i=1

Aj
i

)
Ẋj = 0 . (8)

Equations (5, 6 and 8) form a system of nine first order differential equations in the nine

unknowns, which is integrated using a fourth order Runge-Kutta scheme. It is solved in

non-dimensional form using the characteristic half-length of an arm link, l1, as a reference

length, lref , and the period of the stroke as a reference time, τ .

5
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efficiency, (−) optimal velocity and (−) the optimal ‘Purcell stroke’ which corresponds to the

square. Small swimmer diagrams correspond to successive configurations of the swimmer during
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to the right otherwise.

where V is the swimming speed averaged over one stroke and Φ is the average optimal

mechanical power associated with the stroke.

Optimization procedure.- Without lost of generality, the stroke can be parametrized by

two periodic functions Ω1 and Ω2 of period τ . These two periodic functions can be repre-

sented as a Fourier series. For regular and differentiable functions, the Fourier coefficients

decay rapidly and thus our optimization procedure is based on finding the optimal first k

coefficients of the Fourier series. In addition to the stroke pattern, the geometry of the

swimmer itself is optimized as well. This requires two additional design parameters: the

slenderness, 1/κ, and the relative size of the middle link, η = l2/l1. The swimmer is as-

sumed symmetric i.e. l1 = l3. The optimal solution is found via a gradient search on a finite

set of coefficients using the BFGS quasi-Newton algorithm [13]. Gradients are computed

numerically.

Discussion.- Several general observations can be made regarding optimal stroke sequences.

First, because of the linearity and time independence of Stokes equations (1), we expect

optimal strokes to be symmetric with respect to reflections across the axes Ω1 = Ω2 and

Ω1 = −Ω2. This can be seen by considering a geometrical configuration where Ω1 = Ω2
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where V is the swimming speed averaged over one stroke and Φ is the average optimal

mechanical power associated with the stroke.

Optimization procedure.- Without lost of generality, the stroke can be parametrized by

two periodic functions Ω1 and Ω2 of period τ . These two periodic functions can be repre-

sented as a Fourier series. For regular and differentiable functions, the Fourier coefficients

decay rapidly and thus our optimization procedure is based on finding the optimal first k

coefficients of the Fourier series. In addition to the stroke pattern, the geometry of the

swimmer itself is optimized as well. This requires two additional design parameters: the

slenderness, 1/κ, and the relative size of the middle link, η = l2/l1. The swimmer is as-
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set of coefficients using the BFGS quasi-Newton algorithm [13]. Gradients are computed

numerically.

Discussion.- Several general observations can be made regarding optimal stroke sequences.

First, because of the linearity and time independence of Stokes equations (1), we expect
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Ω1 = −Ω2. This can be seen by considering a geometrical configuration where Ω1 = Ω2
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where V is the swimming speed averaged over one stroke and Φ is the average optimal

mechanical power associated with the stroke.

Optimization procedure.- Without lost of generality, the stroke can be parametrized by

two periodic functions Ω1 and Ω2 of period τ . These two periodic functions can be repre-

sented as a Fourier series. For regular and differentiable functions, the Fourier coefficients

decay rapidly and thus our optimization procedure is based on finding the optimal first k

coefficients of the Fourier series. In addition to the stroke pattern, the geometry of the

swimmer itself is optimized as well. This requires two additional design parameters: the

slenderness, 1/κ, and the relative size of the middle link, η = l2/l1. The swimmer is as-

sumed symmetric i.e. l1 = l3. The optimal solution is found via a gradient search on a finite

set of coefficients using the BFGS quasi-Newton algorithm [13]. Gradients are computed

numerically.

Discussion.- Several general observations can be made regarding optimal stroke sequences.

First, because of the linearity and time independence of Stokes equations (1), we expect

optimal strokes to be symmetric with respect to reflections across the axes Ω1 = Ω2 and

Ω1 = −Ω2. This can be seen by considering a geometrical configuration where Ω1 = Ω2
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Supplementary Information

Eric Lauga, Randy Ewoldt, Gareth McKinley, and A. E. Hosoi
Hatsopoulos Microfluids Laboratory,

Department of Mechanical Engineering,

Massachusetts Institute of Technology

77 Massachusetts Avenue, Cambridge, MA 02139.

In this document we asymptotically solve the equations of motion for a model gastropod crawling on a thin film of

fluid with weakly nonlinear rheology.

I. NOTATION AND EQUATIONS OF MOTION

Consider an animal that crawls in the x-direction on top of a thin liquid film of mucus of constant thickness h (see

Figure 1). At y = h, the gastropod exerts on the mucus, relative to its crawling motion, a traveling wave of shear

stress, σ̄(x− ct). At y = 0, the mucus adheres to the substrate and satisfies a no-slip boundary condition. We denote

the unknown instantaneous crawling speed of the center of mass of the gastropod by Vsex, where ex is the unit vector

in the x-direction. In the reference frame moving with the shear wave, the mechanical problem is time-independent.

Equilibrium for the mucus at low Reynolds numbers can be written as

∇p = ∇ · σ (1)

where p denotes the pressure field and σ the deviatoric stress tensor, subject to the boundary conditions

σxy(x, h) = σ̄(x) and u(x, 0) = 0, (2)

where u denotes the velocity field. The equations above are to be solved subject to three constraints: (1) the organism

is force-free; (2) by periodicity, there is no net build-up of pressure over one wavelength of muscular action within

the mucus layer, and (3) in the frame moving at speed Vsex, the instantaneous velocity of the center of mass of the

gastropod is zero (by definition of Vs) i.e.

∫ λ

0
σ̄(x) dx = 0,

∫ λ

0

∂p

∂x
(x, y) dx = 0, and

∫ λ

0
[u(x, y = h) + c] dx = 0 (3)

where λ is the wavelength of the periodic muscular shearing of the mucus. We further simplify the problem by noting

that h # λ, and therefore we can apply a lubrication approximation. Consequently, the only relevant shear stress is

σxy, which we denote as σ for simplicity, and the only relevant velocity component is u = u · ex. The equations for

steady state crawling then become

∂p

∂x
=

∂σ

∂y
, (4a)

∂p

∂y
= 0. (4b)

Using the stress boundary condition, these equations can be integrated once to obtain

σ(x, y) =
dp

dx
(y − h) + σ̄(x)· (5)

We make the modeling assumption that the mucus behaves as a slightly non-Newtonian liquid, with the relationship

between shear rate, γ̇ (= ∂u/∂y), and shear stress, σ, given by

γ̇ =
σ

µ

(

1 − ε
|σ|

σ∗

)

· (6)

6

where we have defined β ≡ I3/2I1I2. This means that, at order ε2,

Qs

εQ1
= 1 +

∆Q

Q
(39)

with

∆Q

Q
≡ ε

Q2

Q1
=

185ε

8532σ∗

(

〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉

〈σ̄|σ̄|〉

)

= ε
185

4266

(

σ+

σ∗

) (

α2 − α + β

α

)

I1· (40)

Finally, we need to determine the sign of α2 − α + β, as all of the other terms on the right hand side of Eq. (40)

are strictly positive. It is straightforward to show that it is positive if 4β > 1 or equivalently, if 2I3 > I1I2. This

inequality can be proven as follows:

2I3 − I1I2 =

∫ 1

0
w2(x)

[

2w(x) −

∫ 1

0
w(u)du

]

dx (41)

=

∫

2w≤
R

1

0
w

w2(x)

[

2w(x) −

∫ 1

0
w(u)du

]

dx +

∫

2w≥
R

1

0
w

w2(x)

[

2w(x) −

∫ 1

0
w(u)du

]

dx (42)

≥

(

1

2

∫ 1

0
w(u)du

)2
{

∫

2w≤
R

1

0
w

[

2w(x) −

∫ 1

0
w(u)du

]

dx +

∫

2w≥
R

1

0
w

[

2w(x) −

∫ 1

0
w(u)du

]

dx

}

(43)

≥
1

4

(
∫ 1

0
w(u)du

)3

> 0. (44)

We have therefore shown that α2 − α + β > 0, which means that the sign of ∆Q/Q is the same as the sign of ε, for

all possible functions w. Hence, in order to obtain the smallest flow rate, we need to pick ε < 0, i.e. a shear-thinning

fluid. As chemical production represents the largest energy cost associated with locomotion, this criteria trumps the

mechanical work result given above, and a shear thinning fluid will decrease the overall cost of locomotion for the

gastropod.

4

respectively, where we have denoted

〈f〉 ≡
1

λ

∫ λ

0
f(x)dx =

∫ 1

0
f(λu)du. (21)

B. Solution at order ε
1

At order ε1 we have to enforce the constraints

∫ λ

0
g1dx = 0,

∫ λ

0
[g0y1 + g1y0]dx = 0,

∫ λ

0
u1(x, h)dx = 0. (22)

Averaging Eq. (17b) leads to a non-zero first order velocity

V1 = −
7

36

h

µσ∗
〈σ̄|σ̄|〉. (23)

So in general, the organism can crawl at order ε1. Averaging Eq. (17e) then gives the first order flux

Q1 =
79

432

h2

µσ∗
〈σ̄|σ̄|〉. (24)

Substituting this result back into Eq. (17e) (recall Qs is a constant independent of x) and using both the lowest

order solution for y0 and Eq (23) leads to g0y1 = 5(〈σ̄|σ̄|〉 − σ̄|σ̄|)/(216σ∗). Expanding Eq. (8) at order ε1 gives

g1 = 3g0y1/2h, leading to

g1 =
5

144

1

hσ∗
(〈σ̄|σ̄|〉 − σ̄|σ̄|). (25)

Finally, we find the first order correction to the mechanical energy

E1 = −
17

96

hλ

µσ∗
〈σ̄2|σ̄|〉 < 0. (26)

Consequently, for a given shear stress applied by the gastropod, the least amount of mechanical work is done when

ε > 0, that is when the mucus is shear-thickening.

C. Solution at order ε
2

At this order we have to enforce the constraints

∫ λ

0
g2dx = 0,

∫ λ

0
[g0y2 + g2y0 + g1y1]dx = 0,

∫ λ

0
u2(x, h)dx = 0. (27)

Averaging Eq. (17c) we find the second order correction to the crawling velocity

V2 =
5

486

h

µσ2
∗

[〈|σ̄|〉〈σ̄|σ̄|〉 − 〈σ̄3〉]· (28)

Averaging Eq. (17f) then gives the second order correction to the flux

Q2 =
185

46656

h2

µσ2
∗

[〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉]· (29)
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Rheology Cost Function

• Mechanical work done in crawling ( = rate of viscous 
dissipation)

• Chemical cost associated with mucus production ( ~ flux in 
frame moving with snail)

2

This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:

1

η
=

1

µ

(

1 − ε
2|σ|

σ∗

)

· (7)

Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become

∂u

∂y
=

σ

µ
+ ε

σ2(x, y)

µσ∗

|σ̄(x)|

σ̄(x)
, y ≤ y∗, (10a)

∂u

∂y
=

σ

µ
− ε

σ2(x, y)

µσ∗

|σ̄(x)|

σ̄(x)
, y ≥ y∗, (10b)

or, equivalently

∂u

∂y
=

1

µ

dp

dx
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Rheology Cost Function

• Mechanical work done in crawling ( = rate of viscous 
dissipation)

• Chemical cost associated with mucus production ( ~ flux in 
frame moving with snail)
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Rheology Cost Function

• Mechanical work done in crawling ( = rate of viscous 
dissipation)

• Chemical cost associated with mucus production ( ~ flux in 
frame moving with snail)
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Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the
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II. ASYMPTOTIC SOLUTION
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4

respectively, where we have denoted

〈f〉 ≡
1

λ

∫ λ

0
f(x)dx =

∫ 1

0
f(λu)du. (21)

B. Solution at order ε
1

At order ε1 we have to enforce the constraints

∫ λ

0
g1dx = 0,

∫ λ

0
[g0y1 + g1y0]dx = 0,

∫ λ

0
u1(x, h)dx = 0. (22)

Averaging Eq. (17b) leads to a non-zero first order velocity

V1 = −
7

36

h

µσ∗
〈σ̄|σ̄|〉. (23)

So in general, the organism can crawl at order ε1. Averaging Eq. (17e) then gives the first order flux

Q1 =
79

432

h2

µσ∗
〈σ̄|σ̄|〉. (24)

Substituting this result back into Eq. (17e) (recall Qs is a constant independent of x) and using both the lowest

order solution for y0 and Eq (23) leads to g0y1 = 5(〈σ̄|σ̄|〉 − σ̄|σ̄|)/(216σ∗). Expanding Eq. (8) at order ε1 gives

g1 = 3g0y1/2h, leading to

g1 =
5

144

1

hσ∗
(〈σ̄|σ̄|〉 − σ̄|σ̄|). (25)

Finally, we find the first order correction to the mechanical energy

E1 = −
17

96

hλ

µσ∗
〈σ̄2|σ̄|〉 < 0. (26)

Consequently, for a given shear stress applied by the gastropod, the least amount of mechanical work is done when

ε > 0, that is when the mucus is shear-thickening.

C. Solution at order ε
2

At this order we have to enforce the constraints

∫ λ

0
g2dx = 0,

∫ λ

0
[g0y2 + g2y0 + g1y1]dx = 0,

∫ λ

0
u2(x, h)dx = 0. (27)

Averaging Eq. (17c) we find the second order correction to the crawling velocity

V2 =
5

486

h

µσ2
∗

[〈|σ̄|〉〈σ̄|σ̄|〉 − 〈σ̄3〉]· (28)

Averaging Eq. (17f) then gives the second order correction to the flux

Q2 =
185

46656

h2

µσ2
∗

[〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉]· (29)

shear thickening
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Rheology Cost Function

• Mechanical work done in crawling ( = rate of viscous 
dissipation)

• Chemical cost associated with mucus production ( ~ flux in 
frame moving with snail)
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This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:
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Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become
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II. ASYMPTOTIC SOLUTION

Using the boundary condition u(x, y = 0) = −c − Vs, and the fact that the velocity profile must be continuous at

y∗, Eq. (11) can be integrated to give

u(x, y) =
g
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where we have defined dp
dx

≡ g(x) and |σ̄(x)|
σ̄(x) ≡ S(x) in order to simplify the notation. The mucus velocity at y = h

relative to the moving gastropod is therefore given by

us(x) = u(x, y = h) + c =
hg

2µ
(h − 2y∗) − ε
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3µσ∗
[(h − y∗)3 − y∗3] − Vs, (13)

and the mucus flow rate in the frame moving with the gastropod is given by

Q =
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Finally the average rate of energy dissipation (equal to the rate of mechanical work done by the gastropod to crawl)

is given by

E =

∫ λ

0

∫ h

0
σγ̇ dy dx. (15)
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This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:
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Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become
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II. ASYMPTOTIC SOLUTION

Using the boundary condition u(x, y = 0) = −c − Vs, and the fact that the velocity profile must be continuous at

y∗, Eq. (11) can be integrated to give

u(x, y) =
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y(y − 2y∗) + ε
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[(y − y∗)3 + y∗3] − c − Vs, y ≤ y∗ (12a)

u(x, y) =
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y(y − 2y∗) − ε

g2S

3µσ∗
[(y − y∗)3 − y∗3] − c − Vs, y ≥ y∗ (12b)

where we have defined dp
dx

≡ g(x) and |σ̄(x)|
σ̄(x) ≡ S(x) in order to simplify the notation. The mucus velocity at y = h

relative to the moving gastropod is therefore given by

us(x) = u(x, y = h) + c =
hg

2µ
(h − 2y∗) − ε

g2S

3µσ∗
[(h − y∗)3 − y∗3] − Vs, (13)

and the mucus flow rate in the frame moving with the gastropod is given by

Q =

∫ h

0
us(x)dy =

gh2

2µ

(

h

3
− y∗

)

− Vsh −
εg2S

12µσ∗
[y∗4 + (h − y∗)4 − 4y∗3h]. (14)

Finally the average rate of energy dissipation (equal to the rate of mechanical work done by the gastropod to crawl)

is given by

E =

∫ λ

0

∫ h

0
σγ̇ dy dx. (15)
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respectively, where we have denoted

〈f〉 ≡
1

λ

∫ λ

0
f(x)dx =

∫ 1

0
f(λu)du. (21)

B. Solution at order ε
1

At order ε1 we have to enforce the constraints

∫ λ

0
g1dx = 0,

∫ λ

0
[g0y1 + g1y0]dx = 0,

∫ λ

0
u1(x, h)dx = 0. (22)

Averaging Eq. (17b) leads to a non-zero first order velocity

V1 = −
7

36

h

µσ∗
〈σ̄|σ̄|〉. (23)

So in general, the organism can crawl at order ε1. Averaging Eq. (17e) then gives the first order flux

Q1 =
79

432

h2

µσ∗
〈σ̄|σ̄|〉. (24)

Substituting this result back into Eq. (17e) (recall Qs is a constant independent of x) and using both the lowest

order solution for y0 and Eq (23) leads to g0y1 = 5(〈σ̄|σ̄|〉 − σ̄|σ̄|)/(216σ∗). Expanding Eq. (8) at order ε1 gives

g1 = 3g0y1/2h, leading to

g1 =
5

144

1

hσ∗
(〈σ̄|σ̄|〉 − σ̄|σ̄|). (25)

Finally, we find the first order correction to the mechanical energy

E1 = −
17

96

hλ

µσ∗
〈σ̄2|σ̄|〉 < 0. (26)

Consequently, for a given shear stress applied by the gastropod, the least amount of mechanical work is done when

ε > 0, that is when the mucus is shear-thickening.

C. Solution at order ε
2

At this order we have to enforce the constraints

∫ λ

0
g2dx = 0,

∫ λ

0
[g0y2 + g2y0 + g1y1]dx = 0,

∫ λ

0
u2(x, h)dx = 0. (27)

Averaging Eq. (17c) we find the second order correction to the crawling velocity

V2 =
5

486

h

µσ2
∗

[〈|σ̄|〉〈σ̄|σ̄|〉 − 〈σ̄3〉]· (28)

Averaging Eq. (17f) then gives the second order correction to the flux

Q2 =
185

46656

h2

µσ2
∗

[〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉]· (29)
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Rheology Cost Function

• Mechanical work done in crawling ( = rate of viscous 
dissipation)

• Chemical cost associated with mucus production ( ~ flux in 
frame moving with snail)

2

This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:
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=
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µ

(

1 − ε
2|σ|

σ∗

)

· (7)

Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become

∂u
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=
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+ ε
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µσ∗

|σ̄(x)|
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, y ≤ y∗, (10a)
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=
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, y ≥ y∗, (10b)

or, equivalently
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=
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µ
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1
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(
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1
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)2 |σ̄(x)|
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(y − y∗)2, y ≥ y∗. (11b)

II. ASYMPTOTIC SOLUTION

Using the boundary condition u(x, y = 0) = −c − Vs, and the fact that the velocity profile must be continuous at

y∗, Eq. (11) can be integrated to give

u(x, y) =
g

2µ
y(y − 2y∗) + ε

g2S

3µσ∗
[(y − y∗)3 + y∗3] − c − Vs, y ≤ y∗ (12a)

u(x, y) =
g

2µ
y(y − 2y∗) − ε

g2S

3µσ∗
[(y − y∗)3 − y∗3] − c − Vs, y ≥ y∗ (12b)

where we have defined dp
dx

≡ g(x) and |σ̄(x)|
σ̄(x) ≡ S(x) in order to simplify the notation. The mucus velocity at y = h

relative to the moving gastropod is therefore given by

us(x) = u(x, y = h) + c =
hg

2µ
(h − 2y∗) − ε

g2S

3µσ∗
[(h − y∗)3 − y∗3] − Vs, (13)

and the mucus flow rate in the frame moving with the gastropod is given by

Q =

∫ h

0
us(x)dy =

gh2

2µ

(

h

3
− y∗

)

− Vsh −
εg2S

12µσ∗
[y∗4 + (h − y∗)4 − 4y∗3h]. (14)

Finally the average rate of energy dissipation (equal to the rate of mechanical work done by the gastropod to crawl)

is given by

E =

∫ λ

0

∫ h

0
σγ̇ dy dx. (15)

2

This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:
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η
=
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µ

(

1 − ε
2|σ|

σ∗

)

· (7)

Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become
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=
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µ
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=
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II. ASYMPTOTIC SOLUTION

Using the boundary condition u(x, y = 0) = −c − Vs, and the fact that the velocity profile must be continuous at

y∗, Eq. (11) can be integrated to give

u(x, y) =
g

2µ
y(y − 2y∗) + ε

g2S

3µσ∗
[(y − y∗)3 + y∗3] − c − Vs, y ≤ y∗ (12a)

u(x, y) =
g

2µ
y(y − 2y∗) − ε

g2S

3µσ∗
[(y − y∗)3 − y∗3] − c − Vs, y ≥ y∗ (12b)

where we have defined dp
dx

≡ g(x) and |σ̄(x)|
σ̄(x) ≡ S(x) in order to simplify the notation. The mucus velocity at y = h

relative to the moving gastropod is therefore given by

us(x) = u(x, y = h) + c =
hg

2µ
(h − 2y∗) − ε

g2S

3µσ∗
[(h − y∗)3 − y∗3] − Vs, (13)

and the mucus flow rate in the frame moving with the gastropod is given by

Q =

∫ h

0
us(x)dy =

gh2

2µ

(

h

3
− y∗

)

− Vsh −
εg2S

12µσ∗
[y∗4 + (h − y∗)4 − 4y∗3h]. (14)

Finally the average rate of energy dissipation (equal to the rate of mechanical work done by the gastropod to crawl)

is given by

E =

∫ λ

0

∫ h

0
σγ̇ dy dx. (15)
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respectively, where we have denoted

〈f〉 ≡
1

λ

∫ λ

0
f(x)dx =

∫ 1

0
f(λu)du. (21)

B. Solution at order ε
1

At order ε1 we have to enforce the constraints

∫ λ

0
g1dx = 0,

∫ λ

0
[g0y1 + g1y0]dx = 0,

∫ λ

0
u1(x, h)dx = 0. (22)

Averaging Eq. (17b) leads to a non-zero first order velocity

V1 = −
7

36

h

µσ∗
〈σ̄|σ̄|〉. (23)

So in general, the organism can crawl at order ε1. Averaging Eq. (17e) then gives the first order flux

Q1 =
79

432

h2

µσ∗
〈σ̄|σ̄|〉. (24)

Substituting this result back into Eq. (17e) (recall Qs is a constant independent of x) and using both the lowest

order solution for y0 and Eq (23) leads to g0y1 = 5(〈σ̄|σ̄|〉 − σ̄|σ̄|)/(216σ∗). Expanding Eq. (8) at order ε1 gives

g1 = 3g0y1/2h, leading to

g1 =
5

144

1

hσ∗
(〈σ̄|σ̄|〉 − σ̄|σ̄|). (25)

Finally, we find the first order correction to the mechanical energy

E1 = −
17

96

hλ

µσ∗
〈σ̄2|σ̄|〉 < 0. (26)

Consequently, for a given shear stress applied by the gastropod, the least amount of mechanical work is done when

ε > 0, that is when the mucus is shear-thickening.

C. Solution at order ε
2

At this order we have to enforce the constraints

∫ λ

0
g2dx = 0,

∫ λ

0
[g0y2 + g2y0 + g1y1]dx = 0,

∫ λ

0
u2(x, h)dx = 0. (27)

Averaging Eq. (17c) we find the second order correction to the crawling velocity

V2 =
5

486

h

µσ2
∗

[〈|σ̄|〉〈σ̄|σ̄|〉 − 〈σ̄3〉]· (28)

Averaging Eq. (17f) then gives the second order correction to the flux

Q2 =
185

46656
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µσ2
∗

[〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉]· (29)
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Rheology Cost Function

• Mechanical work done in crawling ( = rate of viscous 
dissipation)

• Chemical cost associated with mucus production ( ~ flux in 
frame moving with snail)

2

This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:

1

η
=

1

µ

(

1 − ε
2|σ|

σ∗

)

· (7)

Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become

∂u

∂y
=

σ

µ
+ ε

σ2(x, y)

µσ∗

|σ̄(x)|

σ̄(x)
, y ≤ y∗, (10a)

∂u
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=

σ

µ
− ε

σ2(x, y)

µσ∗

|σ̄(x)|

σ̄(x)
, y ≥ y∗, (10b)

or, equivalently
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=

1

µ

dp
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(y − y∗) + ε

1

µσ∗

(

dp
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)2 |σ̄(x)|
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(y − y∗)2, y ≤ y∗, (11a)
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=
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1

µσ∗

(

dp
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)2 |σ̄(x)|

σ̄(x)
(y − y∗)2, y ≥ y∗. (11b)

II. ASYMPTOTIC SOLUTION

Using the boundary condition u(x, y = 0) = −c − Vs, and the fact that the velocity profile must be continuous at

y∗, Eq. (11) can be integrated to give

u(x, y) =
g

2µ
y(y − 2y∗) + ε

g2S

3µσ∗
[(y − y∗)3 + y∗3] − c − Vs, y ≤ y∗ (12a)

u(x, y) =
g

2µ
y(y − 2y∗) − ε

g2S

3µσ∗
[(y − y∗)3 − y∗3] − c − Vs, y ≥ y∗ (12b)

where we have defined dp
dx

≡ g(x) and |σ̄(x)|
σ̄(x) ≡ S(x) in order to simplify the notation. The mucus velocity at y = h

relative to the moving gastropod is therefore given by

us(x) = u(x, y = h) + c =
hg

2µ
(h − 2y∗) − ε

g2S

3µσ∗
[(h − y∗)3 − y∗3] − Vs, (13)

and the mucus flow rate in the frame moving with the gastropod is given by

Q =

∫ h

0
us(x)dy =

gh2

2µ

(

h

3
− y∗

)

− Vsh −
εg2S

12µσ∗
[y∗4 + (h − y∗)4 − 4y∗3h]. (14)

Finally the average rate of energy dissipation (equal to the rate of mechanical work done by the gastropod to crawl)

is given by

E =

∫ λ

0

∫ h

0
σγ̇ dy dx. (15)

2

This model, essentially a Cross model of order one, is rigorously equivalent to a Taylor expansion for the inverse of

the shear viscosity, η (= ∂σ/∂γ̇) as a function of shear stress:
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η
=

1

µ

(

1 − ε
2|σ|

σ∗

)

· (7)

Here σ∗ > 0 is a typical shear stress, and ε a small parameter, |ε| " 1, the sign of which will be determined below.

The shear stress in the mucus, given by Eq. (5), is a linear function of y. We will denote the coordinate where the

shear stress changes sign by y∗, that is

σ(x, y) =
dp

dx
(y − y∗). (8)

Note that above y∗, the stress has the same sign as σ̄, and below the opposite sign. Finally, the first two constraints

given in Eq. (3) lead to
∫ λ

0

dp

dx
y∗dx = 0. (9)

From Eq. (6), the equilibrium equations to be solved become
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=
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|σ̄(x)|

σ̄(x)
, y ≤ y∗, (10a)
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=
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II. ASYMPTOTIC SOLUTION

Using the boundary condition u(x, y = 0) = −c − Vs, and the fact that the velocity profile must be continuous at

y∗, Eq. (11) can be integrated to give

u(x, y) =
g

2µ
y(y − 2y∗) + ε

g2S

3µσ∗
[(y − y∗)3 + y∗3] − c − Vs, y ≤ y∗ (12a)

u(x, y) =
g

2µ
y(y − 2y∗) − ε

g2S

3µσ∗
[(y − y∗)3 − y∗3] − c − Vs, y ≥ y∗ (12b)

where we have defined dp
dx

≡ g(x) and |σ̄(x)|
σ̄(x) ≡ S(x) in order to simplify the notation. The mucus velocity at y = h

relative to the moving gastropod is therefore given by

us(x) = u(x, y = h) + c =
hg

2µ
(h − 2y∗) − ε

g2S

3µσ∗
[(h − y∗)3 − y∗3] − Vs, (13)

and the mucus flow rate in the frame moving with the gastropod is given by

Q =

∫ h

0
us(x)dy =

gh2

2µ

(

h

3
− y∗

)

− Vsh −
εg2S

12µσ∗
[y∗4 + (h − y∗)4 − 4y∗3h]. (14)

Finally the average rate of energy dissipation (equal to the rate of mechanical work done by the gastropod to crawl)

is given by

E =

∫ λ

0

∫ h

0
σγ̇ dy dx. (15)
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E =
hλ

4µ
〈σ2〉 − ε
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96

hλ

µσ∗
〈σ2 |σ|〉 + ...

Qs = ε
79
432

h2

µσ∗
〈σ |σ|〉

(
1 +

ε185
8532σ∗

〈σ3〉 − 〈|σ|〉〈σ |σ|〉
〈σ |σ|〉 + ...

)

1

> 0
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respectively, where we have denoted

〈f〉 ≡
1

λ

∫ λ

0
f(x)dx =

∫ 1

0
f(λu)du. (21)

B. Solution at order ε
1

At order ε1 we have to enforce the constraints

∫ λ

0
g1dx = 0,

∫ λ

0
[g0y1 + g1y0]dx = 0,

∫ λ

0
u1(x, h)dx = 0. (22)

Averaging Eq. (17b) leads to a non-zero first order velocity

V1 = −
7

36

h

µσ∗
〈σ̄|σ̄|〉. (23)

So in general, the organism can crawl at order ε1. Averaging Eq. (17e) then gives the first order flux

Q1 =
79

432

h2

µσ∗
〈σ̄|σ̄|〉. (24)

Substituting this result back into Eq. (17e) (recall Qs is a constant independent of x) and using both the lowest

order solution for y0 and Eq (23) leads to g0y1 = 5(〈σ̄|σ̄|〉 − σ̄|σ̄|)/(216σ∗). Expanding Eq. (8) at order ε1 gives

g1 = 3g0y1/2h, leading to

g1 =
5

144

1

hσ∗
(〈σ̄|σ̄|〉 − σ̄|σ̄|). (25)

Finally, we find the first order correction to the mechanical energy

E1 = −
17

96

hλ

µσ∗
〈σ̄2|σ̄|〉 < 0. (26)

Consequently, for a given shear stress applied by the gastropod, the least amount of mechanical work is done when

ε > 0, that is when the mucus is shear-thickening.

C. Solution at order ε
2

At this order we have to enforce the constraints

∫ λ

0
g2dx = 0,

∫ λ

0
[g0y2 + g2y0 + g1y1]dx = 0,

∫ λ

0
u2(x, h)dx = 0. (27)

Averaging Eq. (17c) we find the second order correction to the crawling velocity

V2 =
5

486

h

µσ2
∗

[〈|σ̄|〉〈σ̄|σ̄|〉 − 〈σ̄3〉]· (28)

Averaging Eq. (17f) then gives the second order correction to the flux

Q2 =
185

46656

h2

µσ2
∗

[〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉]· (29)

shear thickening
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where we have defined β ≡ I3/2I1I2. This means that, at order ε2,

Qs

εQ1
= 1 +

∆Q

Q
(39)

with

∆Q

Q
≡ ε

Q2

Q1
=

185ε

8532σ∗

(

〈σ̄3〉 − 〈|σ̄|〉〈σ̄|σ̄|〉

〈σ̄|σ̄|〉

)

= ε
185

4266

(

σ+

σ∗

) (

α2 − α + β

α

)

I1· (40)

Finally, we need to determine the sign of α2 − α + β, as all of the other terms on the right hand side of Eq. (40)

are strictly positive. It is straightforward to show that it is positive if 4β > 1 or equivalently, if 2I3 > I1I2. This

inequality can be proven as follows:

2I3 − I1I2 =

∫ 1

0
w2(x)

[

2w(x) −

∫ 1

0
w(u)du

]

dx (41)

=

∫

2w≤
R

1

0
w

w2(x)

[

2w(x) −

∫ 1

0
w(u)du

]

dx +

∫

2w≥
R

1

0
w

w2(x)

[

2w(x) −

∫ 1

0
w(u)du

]

dx (42)

≥

(

1

2

∫ 1

0
w(u)du

)2
{

∫

2w≤
R

1

0
w

[

2w(x) −

∫ 1

0
w(u)du

]

dx +

∫

2w≥
R

1

0
w

[

2w(x) −

∫ 1

0
w(u)du

]

dx

}

(43)

≥
1

4

(
∫ 1

0
w(u)du

)3

> 0. (44)

We have therefore shown that α2 − α + β > 0, which means that the sign of ∆Q/Q is the same as the sign of ε, for

all possible functions w. Hence, in order to obtain the smallest flow rate, we need to pick ε < 0, i.e. a shear-thinning

fluid. As chemical production represents the largest energy cost associated with locomotion, this criteria trumps the

mechanical work result given above, and a shear thinning fluid will decrease the overall cost of locomotion for the

gastropod.

shear thinning
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Cost of Locomotion

Mark Denny, Science, 208, No. 4449 (1980)

“The high cost is primarily due to 
the cost of mucus production, which 
alone is greater than the total cost 
of movement for a mammal or 
reptile of similar weight, ...”

shear thinning
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 Pedal mucus from common garden 
snail, Helix aspera is strongly shear-
thinning. 

8mm plate with sandpaper
100 micron gap, T=22ºC



Final Comments

• 3-link (and n-link) swimmer (low Reynolds number)

Optimizing kinematics

Trade-off between efficiency and robustness in biological 
systems?

• Snails 

Rely on the nonlinear response of pedal mucus to crawl

We can “tune” viscous material properties to find which 
weakly nonlinear response is energetically favorable  
shear thinning

Mechanical wall-climber
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